Abstract. By finding all integral points on certain elliptic and hyperelliptic curves we completely solve the Diophantine equation 
Introduction
There are many nice results related to the equation
in unknowns k, l, m, n. This is usually considered with the restrictions 2 ≤ k ≤ n/2, 2 ≤ l ≤ m/2 and k < l. [21] . Equation (1) has been completely solved for pairs (k, l) = (2, 3), (2, 4) , (2, 6) , (2, 8) , (3, 4) , (3, 6) , (4, 6) , (4, 8) .
In cases of these pairs one can easily reduce the equation to the determination of solutions of a number of Thue equations or elliptic Diophantine equations. In 1966, Avanesov [1] found all integral solutions of equation (1) with (k, l) = (2, 3). De Weger [10] and independently Pintér [19] provided all the solutions of the equation with (k, l) = (2, 4). The case (k, l) = (3, 4) reduces to the equation Y (Y + 1) = X(X + 1)(X + 2) which was solved by Mordell [18] . The remaining pairs (2, 6) , (2, 8) , (3, 6) , (4, 6) , (4, 8) were handled by Stroeker and de Weger [27] , using linear forms in elliptic logarithms. The case with (k, l) = (2, 5) was completely solved by Bugeaud, Mignotte, Siksek, Stoll and Tengely [8] , the integral solutions are as follows (n, m) = (0, 0), (0, 1), (1, 0) , (1, 1) , (2, 0) , (2, 1) , (3, 0) , (3, 1) , (4, 0) , (4, 1) , (5, −1), (5, 2), (6, −3), (6, 4) , (7, −6) , (7, 7) , (15, −77) , (15, 78) , (19, −152), (19, 153) .
In a recent paper Blokhuis, Brouwer and de Weger [4] determined all non-trivial solutions with n k ≤ 10 60 or n ≤ 10 6 . General finiteness results are also known. In 1988, Kiss [15] proved that if k = 2 and l is a given odd prime, then the equation has only finitely many positive integral solutions. Using Baker's method, Brindza [6] showed that equation (1) with k = 2 and l ≥ 3 has only finitely many positive integral solutions.
In case of the more general equation
Blokhuis, Brouwer and de Weger [4] determined all non-trivial solutions with d = 1 and (k, l), (l, k) = (2, 3), (2, 4) , (2, 6) , (3, 4) , (4, 6) , (4, 8) and (k, l) = (2, 8) . They provided a complete list of solutions for the above cases and if 11  2 8  3  60  2 23  3  160403633 2 425779 3  6  3 7  2  7  3 9  2  16  3 34  2  27  3 77  2  29  3 86  2  34  3 21  4   n  k m  l  19630 3 1587767 2  12  4 32  2  93  4 2417  2  10  5 23  2  22  5 230  2  62  5 3598  2  135  5 26333  2  139  5 28358  2  28 11 6554 2 
In 2019, Katsipis [14] completely resolved the case with (k, l) = (8, 2) and he also determined the integral solutions if (k, l), (l, k) = (3, 6) and d = 1.
The aim of this paper is to extend results mentioned above and offer some general observations and computational results.
Main results
We start our discussion with some numerical observations. More precisely, we observed that for certain pairs (k, l) and an integer d, the congruence
with suitable chosen prime number p > max{k, l}, has no solutions. This immediately implies unsolvability in integers of the related Diophantine equation.
, d ∈ Z and 3 is a quadratic non-residue modulo p > 4, where the p-adic valuation of 12d + 1 is odd, then congruence (3) has no solutions. In particular, equation (2) has no solutions in integers.
Remark. Based on the previous theorem we may provide some explicit results, for example if d ≡ u (mod 75), where u ∈ {7, 12, 17, 22, 32, 37, 42, 47, 57, 62, 67, 72}, then equation (2) has no solutions in integers with (k, l) = (2, 4).
By using elementary number theory we compute all integral solutions of equation (2) for some values of k and d with l = k and d = 0. We note that the case k = 2 is in some sense trivial. Indeed, in this case the solvability of equation (5) is equivalent to the existence of integers u, v such that u 2 − v 2 = 8d and u ≡ v ≡ 1 (mod 2). Equivalently, we need to determine integers d 1 , d 2 with d 1 ≤ d 2 and 8d = d 1 d 2 satisfying the conditions (4, 14, [(6, 4) ]) (3, 10, [(6, 5) ]) (4, 20, [(7, 6) ]) (3, 15, [(7, 6) ]) (5, 5, [(6, 5) ]) (3, 16, [(6, 4) ]) (5, 15, [(7, 6) ]) (3, 19, [(6, 3) ]) (5, 20, [(7, 5) ])
In the next result we deal with the cases that can be reduced to elliptic curves.
Theorem 3. All integral solutions (m, n) of equation (2) with d ∈ {−3, . . . , 3} and n ≥ k, m ≥ l are as follows. (6, 2) , (8, 8) , (10, 21) , (14, 78) ] (10, 10) , (14, 78) , (17, 221)]
Among the solutions given by Blokhuis, Brouwer and de Weger [4] there are some with (k, l) = (2, 5) e.g.: (2) with d ∈ {−3, . . . , 3}, k = 2, l = 5 are as follows. (2, 5) , (4, 6) , (7, 7) Let k ∈ N be odd. In the following theorem we consider the Diophantine equation
is a solution of (4), then due to the identity
is also a solution. In the sequel we count such pairs of solutions as one. We are motivated by findings presented in [4] .
Theorem 5. Let x be a variable.
(1) For k = 3, 5 equation (4) has exactly three solutions.
(2) For k = 7 equation (4) has exactly one solution.
(3) For k ∈ {9, 11, 13, 15, 17, 19} equation (4) has no solutions.
Proofs of the theorems
Proof of Theorem 1. In order to get the result it is enough to note that the equation
where
Under our assumption on p we see that 3 is quadratic non-residue modulo p and congruence (3), and hence equation (2), has no integer solutions.
Motivated by the result above, we performed numerical search for pairs (k, l), k ≤ l ≤ 10, d ∈ Z and prime numbers p > l such that the congruence (3) has no solutions modulo p. Here are results of our computations. Table 2 . Pairs (k, l), k ≤ l ≤ 10 such that there exist p ∈ P, p ≥ max{k, l} such that for some d ∈ {1, . . . , p} the congruence (3) has no solutions.
Proof of Theorem 2.
Here we obtain that
and the polynomial is reducible. It follows that
It remains to solve the one variable polynomial equation
Remark. Let us note that if k = l > 2, then in the considered range, i.e, d ∈ {−20, . . . , 20} we have found at most one integer solution. It is an interesting problem to look for values of d such that the equation
has more than one solution in positive integers m, n satisfying n > m. In order to construct values of d such that equation (5) has "many" solutions we used the following strategy. First, we computed the set
and then looked for duplications in D k . We considered k ∈ {3, . . . , 10}. As one could expect, in the case k = 3 the number of duplicates is big. In fact, we found 488 values of d which appeared at least three times in D 3 . The smallest value correspond to d = 2180 with the solutions (n, m) = (25, 10), (33, 28), (36, 32). We found only three values of d such that equation (5) We strongly believe that the following is true.
Conjecture. For each N ∈ N there is d N ∈ N such that the equation For k = 7 we found only one value of d ∈ D 7 such that equation (5) has two solutions. For d = 8008 we have solutions (n, m) = (16, 14), (17, 16).
For k = 8, 9, 10 there are no duplicates in the set D k .
Proof of Theorem 3. All the equations related to this part can be reduced to elliptic curves given is some model. Table 3 . Elliptic models of certain Diophantine equations of the form
There exists a number of software implementations for finding integral points on elliptic curves [5, 22] . These procedures are based on a method developed by Stroeker and Tzanakis [28] and independently by Gebel, Pethő and Zimmer [13] . One may follow the transformations provided in [27] to handle these cases. Here we used the Magma procedures IntegralPoints() and IntegralQuarticPoints(). In some cases there exist no solution and we used IsLocallySolvable() and TwoCoverDescent() [7] . In cases related to (k, l) = (3, 6) we follow the above mentioned elliptic logarithm method, the cases with d = −1, 0, 1 were solved earlier as given in the introduction, so it remains to deal with the values d ∈ {−3, −2, 2, 3}. The case d = 2 yields an elliptic curve with Mordell-Weil rank 3 while the remaining three values of d yield elliptic curves with Mordell-Weil rank 2; we only provide details for the case d = 2.
For this case we set u = X, Y = v and we have the equation A notation remark: We will use "exponents" C and E on a point to declare whether the point is viewed as one on C or E, respectively. Also, we will use (u, v) or (x, y) for the C-coordinates or the E-coordinates, respectively.
As already mentioned, E(Q) has rank 3; its free part is generated by the points The birational transformation between the models C and E is
V(x, y) = 9x 3 + 7020x 2 + 705xy − 9215775x + 205560y + 1359589050 −x 3 + 5580x 2 − 290250x + 161614575 .
With the aid of Maple we find out that there is exactly one conjugacy class of Puiseux series v(u) solving g(u, v) = 0. This unique class contains exactly three series and only the following one has real coefficients:
Here ζ is the cubic root of 15. For every real solution of g(u, v) = 0 with |u| ≥ 3 it is true that v = v 1 (u) (according to Lemma 8.3.1 in [29] ).
Then the point P E 0 that plays a crucial role in the resolution (see [29, Definition 8.3.3] ) is P E 0 = (318ζ 2 + 705ζ + 1860, 21855ζ 2 + 57240ζ + 137385).
Referring to the discussion of Section 1 of [14] , we consider the linear form
Since f (X) has only one real root, namely e 1 ≈ 366.7439448002, we have E(R) = E 0 (R), therefore l(P i ) coincides with the elliptic logarithm of P E i for i = 1, . . . , 3 (see Chapter 3 of [29] , especially, Theorem 3.5.2). On the other hand, P E 0 has irrational coordinates. As Magma does not possess a routine for calculating elliptic logarithms of non-rational points, we wrote our own routine in Maple for computing l-values of points with algebraic coordinates. Thus we compute
Note that the four points P E i , i = 0, 1, . . . , 3 are Z-linearly independent because their regulator is non-zero (see [ , so that, in the relation (9.6) of [29] we can take (10) α = 3/2, β = 3/2.
We compute the canonical heights of P E 1 , P E 2 , P E 3 using Magma 1 and for the canonical height of P E 0 we confine ourselves to the upper bound by applying [29, Proposition 2.6.4]. Thus we haveĥ 1 For the definition of the canonical height we follow J.H. Silverman; as a consequence the values displayed here for the canonical heights are the halves of those computed by Magma and the least eigenvalue ρ of the height-pairing matrix H below, is half that computed by Magma; cf. "Warning" at bottom of p. 106 in [29] .
Next we apply [29, Proposition 2.6.3] in order to compute a positive constant γ with the property thatĥ(P E ) − 1 2 h(x(P )) ≤ γ for every point P E = (x(P ), y(P )) ∈ E(Q), where h denotes Weil height;
2 it turns out that (12) γ ≈ 4.8726444820.
Finally, we have to specify the constants c 12 , c 13 So, in view of (14) and (10), (11), (12), (13), we conclude that, if |u(P )| ≥ 5, then either M ≤ c 12 or
4.04 · 10 162 · (log(1.5M + 1.5) + 2.0986) · (log(log(1.5M + 1.5)) + 24.9968) 6 + 7.09542.
But for all M ≥ 6.64 · 10 86 , we check that the left-hand side is strictly larger than the right-hand side which implies that M < 6.64 · 10 86 , therefore (15) M ≤ max{c 12 , 6.64 · 10 86 } = 6.64 · 10 86 provided that |u(P )| ≥ 5.
An easy straightforward computation shows that P C = (−4, −9) is the only one integer point with |u(P )| ≤ 4 (equivalently, the integer solution (u, v) of (6) with |u| ≤ 4).
In order to find explicitly all points P C with |u(P )| ≥ 5 it is necessary to reduce the huge upper bound (15) to an upper bound of manageable size. This is accomplished with LLL-algorithm [16] , in a similar way as in Appendix D in [14] , and we obtain the reduced bound M ≤ 10. Therefore, we have to check which points
, with max 1≤i≤3 |m i | ≤ 10, have the property that P E = (x, y) maps via the transformation (8) to a point P C = (u, v) ∈ C with integer coordinates. We remark here that every point P C with u(P ) integer and |u(P )| ≥ 5 is obtained in this way, but the converse is not necessarily true; i.e. if max 1≤i≤3 |m i | ≤ 10 and the above P E maps to P C with integer coordinates, it is not necessarily true that |u(P )| ≥ 5. After a computational search we find the only one point P C = (−4, −9) which corresponds to the zero point O ∈ E.
So no integral solution (m, n) (with n ≥ k and m ≥ l) of equation (2) Table 5 . Upper bounds of M . 
Proof of Theorem 4. We provide details only in case of d = 3, here the rank of the Jacobian is 6 (like in case of d = 1). Equation (2) with d = 3 defines the hyperelliptic curve
Based on Stoll's papers [23] , [24] , [25] one can determine generators for the Mordell-Weil group by using Magma [5] . We obtain that J(Q) is free of rank 6 with Mordell-Weil basis given by (in Mumford representation)
and the torsion subgroup is trivial. We apply Baker's method [2] to get a large upper bound for log |x|, here we use the improvements given in [8] and [12] . It follows that log |x| ≤ 1.028 × 10 612 .
We have from Corollary 3.2 of [12] that every integral point on the curve can be expressed in the form
with ||(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 )|| ≤ 1.92×10 306 =: N. Proposition 6.2 in [12] gives an estimate for the precision we need to compute the appropriate matrices, this bound is as follows
where in our case r = 6 and t = 1. We choose to compute the period matrix and the hyperelliptic logarithms with 1500 digits of precision. The hyperelliptic logarithms of the divisors We need now to choose an integer K that is larger than the constant given by Proposition 6.2 in [12] . Setting K = 10 1300 we get a new bound 126.98 for ||(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 )||. We repeat the reduction process with K = 10 16 that yields a better bound, namely 15.6. Two more steps with K = 6 × 10 11 and K = 2 × 10 11 provide the bounds 13.94 and 13.8. It remains to compute all possible expressions of the form
with ||(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 )|| ≤ 13.8. We performed a parallel computation to enumerate linear combinations coming from integral points on a machine having 12 cores. The computation took 3 hours and 23 minutes. We obtained the following non-trivial solutions If d = 1, then the rank of the Jacobian is 6 and the Baker bound is log |x| ≤ 1.225×10 532 and we have that ||(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 )|| ≤ 2.23 × 10 266 . In three steps it is reduced to 14.97. In this case the non-trivial solutions are as follows 10 
If d = −3, −1, 2, then the rank of the Jacobian is 3, we followed the arguments given in [8] and [11] to obtain a large bound for the size of possible integral solutions. We present them in the table below.
d bound for log |x| −3 2.91 · 10 608 −1
1.21 · 10 552 2 3.25 · 10 590 Table 7 . Upper bounds for log |x|.
In all three cases the rank of the Jacobians are equal to 3 and the torsion subgroup is trivial hence all points can be written as
where n i ∈ Z. Using the previously applied hyperelliptic logarithm method the initial large upper bounds for max{|n i |} can be significantly reduced. If d = −3, then after one reduction step we get the bound 64 and other two steps make it 7. The only pair of integral points we obtain is given by (6, ±75). Therefore we have 3 2 = 6 5 − 3.
If d = −1, then first we obtain a reduced bound 51 and finally it follows that max{|n i |} ≤ 5. The complete list of integral points is given by (5, ±15), (8, ±315). Thus we obtain
Finally, in case of d = 2 the first reduction yields a bound 58 and the third one provides 6. The complete set of integral solutions is {(−1, ±45), (5, ±75)}, so we do not get non-trivial solution of (2). If d = −2, then the rank of the Jacobian is 1, therefore classical Chabauty's method [9] can be applied, it is now implemented in Magma [5] . We obtain that the equation We checked that for i ∈ {0, 4, 5, 6, 7} the upper bounds computed by RankBound are actually equal to the ranks.
Let us note that 21 = The large points are explained by the fact that on the curve C ( w 2 ) we have the following solutions
2 , y = 75(720w 4 − 1440w 3 + 1020w 2 − 300w + 31)(2w − 1) and
Hence we obtain the following divisors on J (
Remark. In case of the equation
one obtains genus 3 curves. Stoll [26] proved that the rank of the Jacobian is 9 if d = 0.
For other values of d in the range {−3, . . . , 3} many of the genus 3 hyperelliptic curves have high ranks as well. Balakrishnan et. al. [3] developed an algorithm to deal with genus 3 hyperelliptic curves defined over Q whose Jacobians have Mordell-Weil rank 1. If d = −2, then the equation is isomorphic to the curve
and using Magma (with SetClassGroupBounds("GRH") to speed up computation) we get that the rank of the Jacobian is 1. Therefore we may try to use the Sage implementation described in [3] to compute the set of rational points on this curve. The affine points are (8, ±1470), hence we have the solution
Proof of Theorem 5. In each case we will be working in the same way. More precisely, for given k we write f 1 (x) = a 2 x 2 + a 1 x + a 0 and f 2 (x) = k i=0 b i x i . The polynomial
A i x i needs to be zero. Thus the coefficient near x i in F k (x) need to be zero for i = 0, . . . , 2k. In consequence, we are interested in solving the system of polynomial equations
values of a 2 , b k into the system S k , the related system of equations It seems that for each fixed odd k ≥ 3, the system S ′′ k can be solved using Gröbner bases techniques. More precisely, we compute G k -the Gröbner basis of the ideal generated by the polynomials A ′′ i , i = 0, . . . , k − 1. For k ≥ 5 we have more equations than variables we expect that the system S ′′ k for all sufficiently large k has no rational (and even complex) solutions. This can be confirmed with our approach for k ∈ {11, . . . , 19}. However, we were unable to prove such a statement in full generality.
We prove the first part of our theorem. However, we present details of the reasoning only for k = 3. The case k = 5 is proved in exactly the same way. We are interested in rational solutions of the system S 3 : A 0 = . . . = A 6 = 0.
We have a 2 = 3t 2 , b 3 = 3t 3 for some t = 0. We put the values of a 2 , b 3 into the system S 3 and solve corresponding system of equations In consequence, after the substitution of the values of a 2 , b 0 , b 1 , b 2 , b 3 into the system S 3 we obtain the system S and we easily obtain the following solutions f 1 (x) = 3(−1 + 2x) 2 , f 2 (x) = 2 − 15x + 36x 2 − 24x 3 , f 1 (x) = 5 − 12x + 12x 2 , f 2 (x) = 5 − 21x + 36x 2 − 24x 3 , f 1 (x) = 1 4 (12x 2 − 12x + 7), f 2 (x) = 1 8 (−24x 3 + 36x 2 − 18x + 7). Note that the first two solutions were presented in [4] . Unfortunately, the polynomials from the third solution take only non-integer values. 
